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Yurnerical results are given for the addcd mass o l  wrticnl nxisrmmetric br~dies piercing a free surface when Ihe 
fwql~cncy tends tu zeru. The numerical scheme employ a liniiu-ulumunl mrlhud which is based an the lheorv of 
calcutu\ o f  vnr ia l ims.  Spccifir. body geometries treated here are a family of sphuruids (oblate and pmlale 
sphemids) and a Fumily ~ r l  vcrticlil circular cylinders with xarioos slenderness ratios. Thu cast when the  free 
hurface plaw dues not intersect the center nC thr spheroid i* Iruatvd. Specifirally. Ihe heave and pitch rnoiionb 
are confidered. sincc clashiral annlj-tir resalts are availalde for thr hwag m d v n  uf fl spheroid. ' l l ~ e  present 
numerical resulls can he used in conncrclinn wilh ocean buoy or ocean platform motions hy ahwining lhat the 
hod) geomcrry i k  \ c n  cmnll cumpared wi th  the warelenyth of rurfacr waves. 

I .  Introduction 

T HEKE has heen a growing interest in the prediction of the 
morion responses of ocean plalCorms and buoys. In many 

cases of practical interest the buoy i s  very m a l l  compared 
with the incident wavelength in the ocean. Thus, we may 
approximate the hydrodynamic coefficients of a buoy by 
[hose obtained for  the rero-frequency limit. 

When we restrict the body geometry to be a body of 
revolution having a generator parallel to the direction of the 
gravity force, the general three-dimensional problem reduces 
to a far qimpler set of two-dimensional problems. For this 
specific type of body geometry, the added mass contains only 
ninc nonzcru clcmcnts in thc gcncral 6 x 6 matrices. Furthcr, 
ltiere are only four elements In cornpuw out of nine non/.erc 
elements because of symmetry of the added mass. The sway 
addcd mahs, for thc zero-frcqucncy limit of a sphcruid, is 
identical to thc clasbical rcsults for an infinitc fluid. Howcver. 

is ,  as  thc wavclcngth approaches infinity (i.e., zero-frequency 
limit). In this paper thc finitc-clement method is applied to the 
rormulation which can bt. obtained readily from the familiar 
getleral formulatiorl for arbitrary frequency by taking the 
zero-frequency limit. In the heave motion problem, thc 
potential is represented a r  the rum of a source at the origin 
and another potential. The strength of the source at the origin 
is determined readily from consideration of the flux from the 
body, and the newly defined potential i s  equivalent to a 
multipole representation. 

11. Furmulatinn of the Problem 
We assume that the body has no forward translation 

velocity, the  fluid is incompressible and inviscid, and the flow 
irrotational. It is convenient to introducc a cylindrical ( R , y )  

thc h e a ~ e  added mass or pitch rnvmcnl uf  inertia Cur the zeru- 
Frequency limll can nut be obtained readily Crvm the classical 
analytic results in an infinite fluid because the equivalent 
infinite fluid problem, after reflecting the lower half space 
into the upper half ?pace, is not as easy to solve analytically ar 
the w a y  problem. 

In this paper the heave added mass and the pitch added 
momcnt of incrtia of thrcc-dimensional vcrtical axisymmctric 
bodlcs in water of infinitc depth arc computed as the 
frequency rends to Jew. Speci fically, the Camily of  oblale and 
prolate spheroids and the family of vertical circular cylinders 
with various slenderness ratios are  treated. The effect of 
changes of thc watcr planc (frcc surfacc plane) location to uff- 
center pobitions in Lhe spheroids is invesligated. 

As a ~tiethod of numerical computation we used the finite- 
element method which is based on the classical variational 
principle. The present numerical method has been applied 
previously to water wave problcms with success by the present 
author. L' H o ~ ~ e v e r ,  the  present problem is somewhar 
different from the previous applications of finite-element 
methods. In the previous study of the infinite water-depth 
case. the infinite watcr d e ~ t h  was truncated and a fictitious 
c o n i a n t  bottom was c o n k t e d  a t  a sufficient depth such 
that the elf&( of the rinile depth was negligibly small in the 
solution. In  the zero-frequency limit it  is difficult to truncate 
the infinite bottom and to construct a fictitious constant 
bottom a t  a finite depth. This is because the shallow water 
effect enters the solution, however deep the truncated depth 
-- 
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Fig. 1 Cuurdinatu sy slem. 
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Fig. 2 Schematic d i a ~ m m  of finite-element meshes. 
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coordinate system, with t h e y  axis pointing vertically upwards 
and the RB planc in thc undisturbed free surface. T h e  K axis 
oniricides with the x axis when 8 is zcro and with the ,- axis 
when B is i ~ / 2  as shown in Fig. 1,  where thc xyz coordinate 
system is rectangular and right-handed. 

Sincc onc can find gcncral formulations of this problem in 
many referetices (for example Wchauhcn" we simply will 
write down the specific formulaiion fur the ~eru-frcqucncy 
Limit, in term? of the spatial velocity poleniial 4 which is rcal 
after the time dependence i s  eliminated 

in  Lhe Cluid. As the boundary conditions. we have 

&/an = V,/,; un the  body S, ( 3 )  

lirn @=0 , 
r -  S 

Whcn wc consider an axisymmetric body whoqe axis 
coincides with t h e y  axis, thcn thc potential & can bc  assumed 
to have the form 

Similarly, the normal velocity un the body can be expressed as 

Here ~p I h 1  and L:,;" are  functions o f  otily R and y, and @ is an 
arbitrary phase angle. Without loss of generalily the phasc 
a n g k  0 will be taken to  be zero here. 

I r i  addilion wc h a w  a new boundary condition along they  
axis { H  = O )  due to thc reduction of the three-dirnenrional 
problem to  sets of ~wn-dimensional problems. These are 

By subqtituting ( 5 )  and (6) ititu (1) through (4) for 
k=0,1,2 ,..., weobtain  

l i ~ n  (P l k l  = 0 
1 - 31 

(12) 

I t  should be noted that the reduced problem given in  (7- 12) is 
delincd only in two dimensions, i .e.,  in the Ry plane (R  2 0 ) .  
In [he rclrccd motion problem, we consider rpecifically henke 
and  pitch molions. Then it sutficcs to  solve Eqs. (7-12) for 
k = 0 for heave motion, and  for k = I  fur pitch mnfioil. For 
unit-vclocity rigid-body rtw~ions, rhc normal velocity nn the 
body buundary So is cxprcssed as 

Ll,,' "' = n, 
for  heave motion, a n d  

~ 7 , : "  = r x n 

for pitch motion. Hcrc n =  ( n , , n , )  is a unit normal vector 
directed into the body and r =  ( l i , y )  is ihe position vector on 
S ,  i n  the Ry pIane. 
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b/o 
Fig. 4 H>drudynamiu curffirien~s nl' prolate spheroids. 
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b/a 
Fig. 5 Hydrudynamic coel'ficients nf oblatespheruids. 
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kig.  ha Effect of change of the w-aterplane from the center uC a 
,phew. 

111. Numerical Procedures 
We shall describe a numerical procedure for computing the 

heave motion. In Ihe heave motion prnblerti of an axisym- 
metric body piercing the frcc surfacc for thc zcru-frcqucncy 
li~niting case the potential is rcprcsented as the sum or two 
compunents as follows 

where a, is thc radius of the body of- revolution at Ihe Cree 
surfacc. In hcave motion the Cirst I e r m  in (IS) represents a 

1 
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Fig. 6b Effect uf change uf the runtcrplmc from Ihc ccnlrr 
oblate sphcruid (ulB= 2). 

Fig. hc Icffecc of change of the waterplane from the ccn1c.r of a 
prolatespheruid ( b / a = 2 ) .  

source of a strength which is determined from the net flux 
through the body boundary. Therl (he second term in ( 1 5 )  
behavcb as a doublet and/or higher-order singularities. Since 
it is %ell knomn that the doublet or  any  higher-order potential 
decays more rapidly to 7ero than the murce potential as r 
increaser, i t  ir clear that the numerical computatwn of (F 'lJJ is 
easier than tha t  of d ' " I  without thc dccumposllion in (15). By 
substituting { I  5 )  into (9) through (12), we ohrain 
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111 addition, we obtain from (7) 

Application of the finite-element method to Eqs. ( I  6-20) is 
straighttorward. Thc essential condition (19) is imposed at a 
sufficient d~stance away from the origin. An example of the 
finite-elemenl subdivisions in the fluid domain is shown in 
Fig. 2. The outer boundary replacing the infinite boundary is 
constructed at a distance approximatcly 20 times the body 
lcngth (longer dimension between the radius and the draft of 
t hc body). 

The numerical procedure for the finite-element mcthod is 
described elsewhere by Bai. I."'? Throughout the computations 
a n  eight-node isoparametric quadrilateral clement was used. 

I t  should be mentioned that the inrinily boundary condition 
(12) for k =  1-2, ... and (19) for k = 0 cat1 be replaced by thc 
following alternate conditions 

lim ~,,"" = 0 
I - J: ( 2 2 )  

Thesc alternate infitiity conditions wcrc tested in the 
numerical computations and the agreemenl wilh the results 
obtained from (19) or (12) and those obtained from (21) or 
{22 )  was good. 

IV .  Results and Discussion 
Once the desired potentials p['" for heave and p"' for 

pitch are obtained, then the h e a ~ e  added rrlass ~ ) ? ,  [he p ikh  
added morncnt of inertia ji,,,, and the coupling term F, ,  
between laaq and p ~ t c h  motions are computed from 

where p i 3  thc density of the fluid. 11 is cvnvcnient to  non- 
ditnensionalizc t hc hydrodynamic quantities as fvllows 

wherc a is the radius of a spheroid in the horizontal plane 
passing through its center or the radius of a vertical circular 
cylinder and Vis the submerged volume of  the body. 

Floating Spheruid 

A family of spheroids as shown in Fig. 3 is treated. The 
equation of the spheroid lamily in the Hy plane is given by 

( R 2 / a 2 )  + [ ( y - h i , ) ' j b 2 ]  = l  (29) 

Equation (29) reduces, in limiting cases, to a needlc when a=U 
and b$O, and to a disk when a # O  and b=ll. 

I 

0 U P 0 4 0 6 0 11 10 

t~ /a 
Fig. 8 Hqdmdy t~amic cncllicitnh of a \rrlicdl circular cylinder ( h / u  
< I ) .  

'I ahle 2 F,Ffecl of  change of the waterplane from the center o f  spheroid 
-. - .  - .- --- -. -- .-. - -  . - -  
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Tahle 3 Hydrodynamic coefficients of a circular cylinder For heave 
and pitch motions 

hla  
p22 -- 

p66 P b l  

0. I 8.725 0.762 -0.150 
0.2 3.894 0.357 -0.107 
0.4 1 885 0.153 0 .031  
0.6 1.227 0.104 o 045 
0.8 0.904 0.105 0.123 
1 .0 0.714 0.139 0.205 
1 5  0.464 0.332 0.416 
2.0 0.34U 0.663 0.629 
4.0 0.162 3.449 1 526 
6.0 0.102 H.585 2.469 
8 0 0.073 16.215 3.372 

10.0 0.057 26 1hO 4.292 
. - .  .-- 

When a = b ,  (29) gives a sphere. Our results for the computed 
heave added mass and pitch added moment of inertia were in 
good agreement with those obtained by HavelockS and Kim. " 

The computed values of p,,, p,,, and pdl are shown in 
Fig. 4 for prolate spheroids and in Fig. 5 for oblate spheroids. 
The numerical values are given in Table I .  

The effect of the depth of submergence of  the center of the 
spheroid is computed for a sphere (a= b ) ,  and oblate 
spheroid ( a l b = 2 ) ,  and a prolate spheroid ( b / o = 2 )  for 10 
off-center submergences. Thew result5 are given in Table 2.  
(When the center of the spheroid is submerged, the valuc of 
h, /  h is negative.) Thesc results arc shown also in Figs. 6a-c. I1 
is of interest to note that thc valuc of F, ,  for u / h = 2  changes 
its sign at approxirnatcly h,lb= -0.4. 11 is also of interest to 
note that the value o f  p,, (or a sphere has the same sign as p,, 
when Lhe center of the  sphere is submerged ( h ,  < 0 ) .  

The computed results fur a vertical circular cylinder of 
radius a and h are given in Table 3. These results also are 
shown in Figs. 7 and 8. I t  is of interest to note that the sign of 
p,, changes at approximately k/u=0 .48 .  The value of p, ,  
varies nearly linearly with h l a  as shown in Figs. 7 and 8. 

It i s  also of interest to note in the preceding two types of 
body geometries that p,, and p,, can be approximated by the 
well-known strip theory for very slender bodies as follows: 

fur a prolate spheroid, and 

for a circular cylinder. These simple strip-theory results also 
are cumpared with the present numerical results in Figs. 4 
and 7 .  
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